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We give a complete analysis of covariant measurements on
two spins. We consider the cases of two parallel and two an-
tiparallel spins, and we consider both collective measurements
on the two spins, and measurements which require only Local
Quantum Operations and Classical Communication (LOCC).
In all cases we obtain the optimal measurements for arbitrary
fidelities. In particular we show that if the aim is determine as
well as possible the direction in which the spins are pointing,
it is best to carry out measurements on antiparallel spins (as
already shown by Gisin and Popescu), second best to carry
out measurements on parallel spins and worst to be restricted
to LOCC measurements. If the the aim is to determine as well
as possible a direction orthogonal to that in which the spins
are pointing, it is best to carry out measurements on parallel
spins, whereas measurements on antiparallel spins and LOCC
measurements are both less good but equivalent.
One of the central problems of quantum measurements
is how to best estimate the state of an unknown quan-
tum system. This problem has been addressed by many
authors, using many different approaches, see [1] [2] for
reviews.
In the present paper we take a new look at a particular
example in which the task is to determine the direction
of polarization of two identical spin 1/2 particles. We
suppose that the polarization direction is completely un-
known, ie. is uniformly distributed on the sphere. This
problem, generalized to the case of an arbitrary number
N of spin 1/2 has already been studied by several authors
[2–5]. The particular case of 2 spins has the advantage of
being sufficiently simple that a complete solution can be
obtained. Furthermore it allows for several twists where
particular features of quantum mechanics related to en-
tanglement reveal themselves.
The first twist on the original problem was suggested
by Peres and Wootters [6] who asked whether there is a
difference between collective, as compared to local, mea-
surements on two particles. Technically, in the first case
one allows arbitrary quantum operations on both spins,
whereas in the second case one restricts oneself to Lo-
cal Quantum Operations on each particle and Classical
Communication between the particles (LOCC).
Peres and Wootters gave numerical evidence that even
if two particles are in the same state, collective measure-
ments can be better than measurements using LOCC. An
analytical proof was given in [3] in the case of two iden-
tical spin 1/2 whose polarization direction is uniformly
distributed on the sphere, at least in the case where there
are only a finite number of rounds of communication be-
tween the two parties. A remarkable example was exhib-
ited in [7] which consists of a basis of separable states, ie.
states that can be prepared using LOCC, but which nev-
ertheless cannot be distinguished unambiguously using
LOCC. In [7] the phrase “non locality without entangle-
ment” was coined for this property. Another result is
that of [8] where it was shown that in the limit of an in-
finite number of identical spin 1/2, LOCC measurements
perform as well as collective measurements if the spins
are in a pure state, but not as well if the spins are in a
mixed state.
A second twist on the original scenario was recently
proposed by Gisin and Popescu [10] who considered the
case of two antiparallel spins. They showed that one
can determine better the direction of polarization of two
antiparallel spins than of two parallel spins. Gisin and
Popescu’s result is related to “non locality without entan-
glement” because if LOCC measurements are carried out
on the two spins, it does not make any difference whether
the spins are parallel or antiparallel. Thus collective mea-
surements on two antiparallel spins is an example of non
locality without entanglement. Mathematically the pas-
sage from two parallel to two antiparallel spins, that is
the flip of one of the spins, is the same operation that
Peres used to distinguish whether two states are entan-
gled or not [9].
The present paper aims at providing an exhaustive
analysis of measurements on two spins 1/2 particles in the
three cases of collective measurements on parallel spins,
collective measurements on antiparallel spins, and LOCC
measurements. The spin flip operation will play a central
role in this analysis because it will allow us to treat all
three cases in the same framework. Our analysis allows
one to find the optimal measurements for arbitrary fideli-
ties. As an illustration we consider two such fidelities.
The first fidelity is f = (1 + cos θ)/2 where θ is the
angle between the direction in which the spins are po-
larized and the direction in which one guesses that they
are polarized. In this case we recover the results of [2] [3]
that if the spins are parallel the maximal average fidelity
is f = 0.75. If the spins are antiparallel we show that
the maximal fidelity is f = 0.788. This fidelity was al-
ready obtained in [10] but it was not known whether it is
optimal. Finally we shall show that if one restricts one-
self to LOCC measurements, then the maximal fidelity is
f = 0.736, which is 1.4 % lower than for measurements on
parallel spins. That this is the optimal value for LOCC
measurements was already found by D.G. Fischer, S.H.
Kienle, and M. Freyberger [11]. Thus even in the limit of
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an infinite number of rounds of communication collective
measurements are better than LOCC measurements in
the case of two parallel spins.
The second fidelity is f = 1 − cos2θ. In this case it
is most advantageous to guess a direction orthogonal to
that in which the spins are pointing (θ = π/2) and most
disadvantageous to guess in the direction in which the
spins are pointing (θ = 0) or in the orthogonal direction
(θ = π). Geometrically this can be rephrased as a situa-
tion in which the spins encode the orientation of a plane
by pointing in the direction normal to the plane and the
aim is to find a vector lying in the plane. In this case
the highest fidelity f = 0.8 is obtained when the spins
are parallel. Antiparallel spins or LOCC measurements
both give the same optimal fidelity f = 0.733.
We now turn to the proof of these results. Essential
to our analysis will be the spin flip operation which we
denote by .˜ For a single spin 1/2 it takes the form
ρ =
I
2
+ ~α · ~σ → ρ˜ = I
2
− ~α · ~σ (1)
where I is the identity operator and σi the Pauli spin
operators. In the case of two spins, we will be interested
in the operation, denoted ˜2 which flips only the second
spin. If we write the state as
ρ =
I
4
+ ~α · ~σ ⊗ I
2
+ ~β · I
2
⊗ ~σ +
∑
i,j
γijσi ⊗ σj , (2)
then ρ˜ 2 is given by
ρ˜ 2 =
I
4
+ ~α · ~σ ⊗ I
2
− ~β · I
2
⊗ ~σ −
∑
i,j
γijσi ⊗ σj (3)
The ˜2 operation is equivalent, up to a unitary opera-
tion acting on particle 2 only, to the partial transpose
introduced in [9].
As an application of the ˜2 operation consider the state
of two parallel spin 1/2 particles both pointing in the ~m
direction
ρ(~m, ~m) = | ↑~m〉〈↑~m | ⊗ | ↑~m〉〈↑~m |
=
I
4
+
∑
i
mi(σi ⊗ I
2
+
I
2
⊗ σi) +
∑
i,j
mimjσi ⊗ σj
(4)
and the state of two antiparallel spins
ρ(~m,−~m) = | ↑~m〉〈↑~m | ⊗ | ↑−~m〉〈↑−~m | . (5)
We have the relation
ρ(~m, ~m) = ρ(~m,−~m)˜ 2 . (6)
We can also consider the dual of the ˜2 operation, that
is how it acts on operators. Suppose that ρ is a state and
a an operator, then a˜ 2 is defined by the relation
Tr aρ˜ 2 = Tr a˜ 2ρ . (7)
One finds that it takes exactly the same form for opera-
tors as it does for states. If the operator a is expressed
as
a = wI + ~x · ~σ ⊗ I + ~y · I ⊗ ~σ +
∑
i,j
zijσi ⊗ σj , (8)
then the operator a˜ 2 takes the form
a˜ 2 = wI + ~x · ~σ ⊗ I − ~y · I ⊗ ~σ −
∑
i,j
zijσi ⊗ σj . (9)
The ˜2 operation for operators allows us to put a
restriction on the Positive Operator Valued Measures
(POVM) acting on the space of two spin 1/2 particles
that can be realized by local Quantum Operations and
Classical Communication (LOCC). Indeed it was shown
in [7] that such a POVM, defined by its elements ai ≥ 0,∑
i ai = 1, must obey ai˜
2 ≥ 0 for all i.
To proceed with the proof, consider a set of operators
ai that sum to the identity
∑
i ai = 1. We are interested
in the following 3 positivity conditions on ai:
1. ai ≥ 0. In this case the ai constitute a POVM.
The probability of getting outcome i if the state is
ρ(~m, ~m) is P‖(i|~m) = Trρ(~m, ~m)ai.
2. ai˜
2 ≥ 0. In this case the ai˜2 constitute a POVM.
The probability of getting outcome i if the state
is ρ(~m,−~m) is P⊥(i|~m) = Trρ(~m,−~m)ai˜2. Using
equation (7) we have P⊥(i|~m) = Trρ(~m, ~m)ai.
3. ai ≥ 0 and ai˜2 ≥ 0. In this case both ai and ai˜2
constitute a measurement which can be realized by
LOCC. The probability P‖(i|~m) = Trρ(~m, ~m)ai
of obtaining outcome i if the spins are parallel
and the measurement is ai equals the probability
P⊥(i|~m) = Trρ(~m, ~−m)ai˜2 of of obtaining out-
come i if the spins are antiparallel and the measure-
ment is ai˜
2. The equality of P‖(i|~m) and P⊥(i|~m)
shows that in this case there is no difference be-
tween making measurements on parallel and an-
tiparallel spins.
Thus the ˜2 operation relates measurements on parallel
spins (given by P‖(i|~m)), measurements on antiparallel
spins (given by P⊥(i|~m)), and measurements that can be
realized by LOCC. The central idea is that by using the ˜2
operation all these quantities can be expressed in terms
of the same trace Tr ρ(~m, ~m)ai, but with operators ai
which obey the different positivity conditions enumerated
above.
To further explicitise these different positivity condi-
tions we shall suppose that the aim of the measurement is
to distinguish along which direction the spins are point-
ing. We can then label the POVM elements a~n by the di-
rection ~n along which one guesses the spins are pointing.
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Furthermore we shall suppose that the spins are polar-
ized in a random direction uniformly distributed on the
sphere. We can then, without loss of generality [2], sup-
pose that we are dealing with covariant measurements,
that is measurements for which the guessed direction ~n
spans the whole sphere and which satisfy
Tra~nρ(~m, ~m) = TraR(~n)ρ(R(~m), R(~m)) (10)
where R is an arbitrary rotation, ie. an element of SO(3).
Using the fact that ρ(R(~m), R(~m)) = R⊗Rρ(~m, ~m)R†⊗
R† where R is the corresponding element of SU(2), we
have
aR(~n) = R⊗Ra~nR† ⊗R† . (11)
We can also without loss of generality suppose that the
measurement is symmetric with respect to interchanges
the two spins. This implies that
a~n = wI + ~x · (~σ ⊗ I + I ⊗ ~σ) +
∑
i,j
zijσi ⊗ σj (12)
with zij a symmetric matrix.
The covariance condition (11) implies a considerable
simplification on the coefficients w, ~x, zij in (12). Con-
sider the POVM element a~z corresponding to guessing
the spins are polarized along the +z direction. Let Rφ,z
be a rotation of angle φ around the z axis. We have
a~z = Rφ,z ⊗Rφ,za~zR†φ,z ⊗R†φ,z for all φ. Using (12), this
implies that a~z has the form
a~z = wI + α(σz ⊗ I + I ⊗ σz) + βσz ⊗ σz
+γ(σx ⊗ σx + σy ⊗ σy) (13)
where α, β, γ are three real numbers.
A final simplification results if we recall that the oper-
ators a~n must sum to the identity:∫
d~n a~n =
∫
SU(2)
dR R⊗Ra+~zR† ⊗R† = I . (14)
Using (13) this implies that
a~z = I + α(σz ⊗ I + I ⊗ σz)
+γ(2σz ⊗ σz − σx ⊗ σx − σy ⊗ σy) (15)
which only depends on two parameters α and γ.
It is now easy to compute the restriction on the two
parameters α and γ which result from each of the three
positivity conditions enumerated above:
a~n ≥ 0 ⇒ γ ≤ 1 , 1 + α+ γ/2 ≥ 0 ,
1− α+ γ/2 ≥ 0 (16)
a~n˜
2 ≥ 0 , ⇒ γ ≤ 2 , 1 + γ − α2 ≥ 0 , (17)
a~n and a~n˜
2 ≥ 0 ⇒ γ ≤ 1 , 1 + γ − α2 ≥ 0 . (18)
These constitute convex sets. The extremal points of
these convex sets will be the optimal measurements. To
understand what extremal point corresponds to what op-
timal measurement we introduce a fidelity function f . We
now study different fidelity functions.
The covariance of the measurement set up implies that
f is a function only of the angle between the direction in
which the spins are polarized ~m and the direction guessed
by the POVM element a~n. Thus in the case of outcome
+z, f is a function ofmz only. It is convenient to expand
f in Legendre polynomials
f(+z, ~m) =
∞∑
n=0
fnPn(mz)
= f0 + f1mz + f2
3m2z − 1
2
+ · · · . (19)
To compute the average fidelity we need the proba-
bility of each outcome. Suppose that the spins point in
direction ~m and that the measurement outcome is +z.
This occurs with probability
P (+z|~m) = Trρ(~m, ~m)a~z = 1 + αmz + γ
2
3m2z − 1
2
. (20)
The average fidelity is therefore
F =
∫ +1
−1
dmz
2
∫ 2π
0
dφ
2π
f(+z, ~m)P (+z|~m)
= f0 +
α
3
f1 +
γ
10
f2 . (21)
Thus only the first three coefficients enter into the aver-
age fidelity. (In the case of covariant measurements on
N parallel spins only the N + 1 first coefficients of the
expansion of f will enter into the average fidelity).
Using eqs. (16, 17, 18) and (21) it is straightforward
to find the optimal measurement for an arbitrary fidelity
function in the case of parallel spins, antiparallel spins
and LOCC measurements. As a first illustration, let us
consider the example studied in [2] and [3] in which the fi-
delity has the form f(~n|~m) = |〈↑~m | ↑~n〉|2 = (1+cos θ)/2.
Thus in this example f0 = 1/2, f1 = 1/2, f2 = 0
and therefore F = 1/2 + α/6. In this case the largest
fidelity is obtained by taking for α the largest possi-
ble value. In the case of two parallel spins the largest
possible value of α is αmax = 3/2 corresponding to
F‖ = 3/4 = 0.75, a result already obtained in [2] and
[3]. In the case of two antiparallel spins αmax =
√
3
corresponding to F⊥ = 1/2 + 1/(2
√
3) ≃ 0.788, a result
already obtained in [10]. In the case of measurements
carried out using only LOCC, αmax =
√
2 corresponding
to FLOCC = 1/2+1/(3
√
2) ≃ 0.736. Thus for this fidelity
collective measurements on antiparallel spins are better
than collective measurements on parallel spins which are
themselves better than LOCC measurements on parallel
(or antiparallel) spins.
Note that if the spins are parallel or antiparallel, op-
timal measurements that use a 1 dimensional ancilla
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(which could be the singlet state) have been exhibited in
[3] and [10]. In the case of LOCC measurements it is easy
to check that a simple optimal strategy consists in Alice
making a von Neumann measurement of spin along some
direction ~a and Bob making a von Neumann measure-
ment of spin along an orthogonal direction ~b (~a ·~b = 0).
Denote by ~α = ±~a and ~β = ±~b the results of the two
measurements. Then the guessed direction is the bisec-
trix ~α + ~β of the two results. Thus in all cases the opti-
mal measurements can be implemented using rather sim-
ple strategies which necessitate low dimensional ancillas.
This should be compared with the covariant measure-
ments which, although useful for the theoretical analysis,
require infinite dimensional ancillas.
As a second illustration consider the case where the
fidelity is f = sin2 θ = 1 − cos2 θ. In this case f0 = 2/3,
f1 = 0, f2 = −2/3, hence F = 2/3 − γ/15 and the
best measurement is that which has the smallest value
of γ. In the case of collective measurements on par-
allel spins the smallest value is γmin = −2 yielding a
fidelity F‖ = 4/5 = 0.8. For collective measurements
on antiparallel spins or LOCC measurements the min-
imum value is γmin = −1 yielding an optimal fidelity
F⊥,LOCC = 11/15 ≃ 0.733. In this case measurements
on two parallel spins are better than measurements on an-
tiparallel spins or LOCC measurements which are both
equivalent. Thus for some fidelities measurements on
parallel spins are better, for other fidelities measurements
on antiparallel spins are better, and in all cases LOCC
measurements are the worst.
In conclusion the present article gives explicitly the op-
timal measurements and optimal fidelity for all possible
fidelity functions in the cases of parallel spins, antiparal-
lel spins, and LOCC measurements. This provides an in-
teresting target for future experiments since it provides a
criterion for putting “non locality without entanglement”
into evidence.
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